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FOREWORD

Stability properties of the free streaming mode (space charge wave) in a

relativistic annular electron beam with radius R0 propagating through a

dielectric loaded waveguide is investigated, in connection with the Cherenkov

radiation. The stability analysis is carried out within the framework of the

linearized Vlasov-Maxwell equations for an electron distribution function, in

which all electrons have a Lorentzian distribution in the axial canonicai

momentum. One of the most important features of the analysis is that, for

some ranges of physical parameters, a strong mode coupiing between the vacuum

dielectric waveguide and free streaming modes occurs, exhibiting possibilities

of a Cherenkov radiation. The typical maximum growth rate of instability is a

few percent of c/Ro, where ¢ is the speed of light in vacuo. However, the

growth rate and bandwidth of instability are substantially reduced by

increasing the axial momentum spread. This research was supported by the

Independent Research Fund at the Naval Surface Weapons Center.
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I.

INTRODUCTION

The major recent experimental interest in hollow relativistic

electron beams originates from several diverse research areas. One of

these areas is the high power microwave generation such as the gytocronl’2

relativistic magnetron3'4 and the free electron laser§.5’6

In this
paper, we present a new promising -scheme to produce high power
microwave radiation by utilizing relativistic electron beams. The

free streaming mode (or the space charge wave) in a relativistic
electron beam propagating through a dielectric loaded waveguide exhibits
strong instabilities for some ranges of physical parameters. The
physical mechanism of instability is typical Cherenkov radiations7’8

of a charged particle moving through a dielectric material. 1In

this regard, the present paper examines stability properties of the

free streaming mode of a hollow relativistic electron beam propagating
through a dielectric loaded waveguide, in connection with microwave
generation.

The stability analysis is carried out for an annular relativistic
electron beam with radius Ro propagating through a cylindrical waveguide
loaded with a dielectric material in range R, < r < R¢, where r is the
radial coordinate, Rw is the inner radius of the dielectric material

and Rc is the radius of a grounded conducting wall. Equilibrium and

stability properties are calculated for the electron distribution

4
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function [Eq. (3)1,

cheA a(y-y”)a(Pe - Po)
3

4 2 P L2 + 2
7 mc ( z " 'ymebc) A

s P) =

- “

14

0
fb(H, P

where H = ymc2 is the energy, P_ is the canonical angular momentum,

&
P? is the axial canonical momentum, m is the electron rest mass, c is

the speed of light in vacuo, T = (1 - Bi)-llz, w.s Ne, 4, ¥, and PO

are constants. The stability analysis of the free streaming mode is

carried out within the framework of the linearized Vlasov-Maxwell equations.

The formal dispersion relation (17) of the free streaming mode for
azimuthally symmetric electromagnetic perturbation (3/3€¢ = 0) is
obtained in Sec. II, including the important influence of the axial
momentum spread (4) on stability behavior.

In Sec. III, properties of the vacuum dielectric waveguide mode
are investigated without including the influence of beam electroms.
It is shown that in the limit of the ratio R.w/RC + 1 or ¢ + 1, where ¢ is
the dielectric constant, the familiar vacuum transverse magnetic (TM)

dispersion relation wz/c2 - k2

= s(z)n/R(z: in a perfectly conducting
waveguide is recovered. Here w is the eigenfrequency, k is the axial
wavenumber and BOn is the nth root of the Bessel function JO(BOn) = 0,
However, in general, a strong mode coupling between the vacuum

dielectric waveguide mode [Eq. (20)]

2 2

L - k2 = 54—-:—“) k)
2 2 ’
c R
w

and the free streaming mode y = ksbc occurs at k = kp corresponding to
the simultaneous solution of these two modes. The parameter §(w,k) is
the root of Eq. (28). By an appropriate choice of g, the coupling

axial wavenumber kp can be increased to a large number, thereby
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substantially enhancing frequencies of the Cherenkov radiation.
Stability properties of the free streaming mode in a dielectric }
|
. loaded waveguide are investigated. In a range of physical parameters ?

corresponding to instability, the phase velocity of unstable mode is 1

less than the beam velocity, suggesting that the physical mechanism of
instability is the Cherenkov radiation.7 Several points are noteworthy “
in the analysis in Sec. IV. First, the typical maximum growth
rate of instability is few percent of c/RO, indicating a strong
instability. In this regard, we point out that the Cherenkov radiation

from an intense hollow electron beam is an effective means for generating

a high power microwave. Second, wavelength of the microwave radiation
generated by this instability can be typically less than a centimeter

for a subcentimeter beam radius. Third, however, the growth rate

and bandwidth of instability are substantially reduced by increasing

the axial momentum spread.

oy

At i
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II.

LINEARIZED VLASOV-MAXWELL EQUATIONS

The present analysis assumes an intense annular electron beam with
characteristic thickness 2a and mean radius R propagating through a
cylindrical waveguide locaded with a dielectric material in the range
RW < r< Rc' The dielectric constant and permeability of the dielectric
material are denoted by ¢ and u, respectively. A grounded cylindrical
conducting wall is located at radius Rc' A strong, externally applied
magnetic field BOé; is needed to confine the beam electrons radially.
Cylindrical polar coordinates (r, 6, 2z) are introduced. To make the
analysis tractable, we assume that the thickness of the annular electron

beam is much smaller than its mean radius, i.e.,

a/RO << 1. [¢))
Moreover, it is further assumed that

"/Yb << 1, (2)

where v = Neezlmc2 is Budker's parameter, ybmc2 is the characteristic

electron energy, c is the speed of light in vacuo, -e and m are the

electron charge and rest mass, respectively, and Ne = 27 fm dr r ng(r)
0

is the number of electrons per unit axial length. Consistent with the

low-density assumption in Eq. (2), we neglect the influence of the small

equilibrium self-electric and self-magnetic fields that are produced by

cmn e

i e e
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the lack of equilibrium charge and current neutralization.

In the present analysis, we investigate stability properties for

the choice of equilibrium distribution function
w N b &y - V)e(P, = Py)

3 2 2
417 me (Pz - ybmsoc) + L
2 4 2.2.1/2

= ("¢’ + c"p7) is the total energyv, Pe

is the canonical angular momentum, Pz is the axial canonical momentum,

0
fb(H, Pe, Pz) = 7 (3)

2

where H = yme = r[p6 - (e/2c)rB0]

w, = eBu/ybmc is the electron cyclotron frequency,

P, = -(e/2c)<R§ - ri)B (4)

o ,

is the canonical angular momentum of an electron with Larmor radius

L (e _ 1/2
rL = wc[('Y 'Yb)/'Yb] s (5> ’
and Yp = a - si)—llz and A are constants. 1
In the subsequent analysis, use is made of the linearized Vlasov- ]

Maxwell equations for azimuthally symmetric perturbations (3/36 = 0)
about a tenuous hollow beam equilibrium described by Eq. (3). We
adopt a normal-mode approach in which all perturbations are assumed to '

vary according to

su(x,t) = y(r)expli(kz - wt)] ,

where Imw > 0. Here, y is the complex eigenfrequency and k is the axial
wavenumber. The Maxwell equations for the perturbed electric and magnetic

field amplitudes can be expressed as

7 x %(ﬁ) - i(w/C)g(z) ,

(6)

y (1/u)§(§) = (4W/C)é(¥) - i(m/C)s%(%) s %
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where ¢ and u are the dielectric constant and permeability, respectively,

E(f) and 5‘5’ are the perturbed electric and magnetic fields, and f
T(x) = -e|dp y £ (xup) (7)
AW X tpiXeR7

is the perturbed current density. Note that € = & = 1 in vacuo.

In Eq. (7), {
. 0 v' x ﬁ(x')
) B G’ 3 _ 0
£, (op) = eL dt exp(-iwt) |[EGx') + S—7—— TR (8) ’
!

is the perturbed distribution function, t = t' - t, and the particle

: ' ' v ] ! L - ' * L ¢ :
trajectories X (¢') and R (t') satisfy d{/dt v and dg /dt ey' x ’
> " ” : L} 1 4 = = 1 \ = =
Bosz/c, with "initial"” conditions x (t t) X and v (t t) V.

In general, the permeability p of a dielectric material even in

the wall differs from unity by only a few parts in 105. Therefore,

e =

we approximate y = 1 in the remainder of this paper. Making use of

Eq. (6), it is straightforward to show that

E_(r) = (ke/uwe)B (x) ,

(9)
~ 2 2 2 -
Be(r) = ilwe/c(w e/c” - k )][3Ez(r)/3r] .
and
2
13 - I I A P _ - w3
(;'3; R + :2 e - k )Ez(r) = Aﬂxk[;(r) czk Jz(;) . (10)

where ﬁe is the azimuthal component of the perturbed magnetic field,
and é; and éz are the radial and axial components, respectively,

of the perturbed electric field, g(r) is the perturbed charge density

A ot

and fz(r) is the axial component of the perturbed current density.

To lowest order, the axial motion of the particle orbit is free- ]
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streaming,

' P2,
z' = z + = (t' - ¢t) . (11)

Moreover, within the context of Eq. (2), we neglect the terms
proportional to él(r) in the right-hand side of Eq. (8), where éL(r)
is the transverse component of the perturbed electric field. Finally,
since the oscillatory modulation of the radial orbit is small [Eq. (1)1},
we approximate r' = r in the arguments of the perturbation amplitudes
on the right-hand side of Eg. (8).

Substituting Eq. (11) into Eq. (8) and carrying out the momentum

integration, it can be shown for 0« r«< R, that Eq. (10) is expressed as

(

where the source function o(w,k) is defined by

P a ¢é(r - R,)

2 0 i
TTa TP )E (r) = - ‘——-iq;—- c(w,k)Ez(r) ’ (12)

(i

22 2
ok « ke 8, (13)
Yy (w - kebc + ikA/ybm)
and
2
pi = wz/c -k, 14)

In obtaining Eq. (12), use has been made of Eq. (1). For a detailed
derivation of Eq. (12), we recommend the reader to review the previous
literature.6
For the convenience in the future analysis, we define the wave

impedance Z(w,k) of the wall as

E (R )

Z(W’k) = -i(‘-ﬂR /C) _'_ ’ (15)
B (R,)

at the surface of the dielectric material r = R . Evidently, the

solutions to Eq. (12) are given by
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R Al (pyr) , 0< r< Ry,

E (r) = 01 0 (16)
BJo(plr) + CNO(plr) , RO < r< Rw ’

where Jz(x) and Nl(x) are Bessel functions of the first and second kind,

respectively, of order %. Making use of Eqs. (9) and (15) and the

boundary conditions of Ez(r) at r = R, we obtain the dispersion relation

0

2y chz - wz

3 3 2 = F(w)k) ’ (17)
b (w - kac + ikA/ybm)

where F(w,k) is the wave admittance at the beam location defined by

2 8(5)/J0(P1R0)

F(w,k) = = = . 18
In Eq. (18),
3,(8) £3,(6)
B8E) = W, - ® NG a9
and the parameter { is defined by
2 2
_m7 ~ K - 5_2 . (20)
c R
W

Approximating the permeability of a dielectric material u = 1,
we note that the perturbed axial electric field ﬁz(r) and azimuthal
magnetic field ﬁg(r) are continuous across the dielectric

boundary at r = Rw' From Eq. (10), we obtain

(-——-t-?+p§)€z(l')'0x (21)

= we/c” ~ k. (22)

The solution to Eq. (21) can be expressed as
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E, () = ALy (p, 1) - Jo (P RING (B, 1) /NG (PR DT, (23)

where & is an arbitrary constant. Substituting Eq. (23) into Eq. (9),
and making use of the boundary condition in Eq. (15) at r = Rw’ we
obtain the impedance,

Jo(n)No(ch/Rw) - JO(nRC/Rw)NO(n)

z=2 : (24)
€ J (NG (nRe/R) = Jo(nR /R N (r)
at the surface of dielectric material r = Rw. In Eq. (24), the
parameter n is defined by
2 2
o - k2 e D (25)
2 2
c R
w

Equation (17), when combined with Egqs. (18), (19), and (24), yields a
closed dispersion relation for the Cherenkov radiation of a

hollow electron beam in a dielectric loaded waveguide. 1In the
remainder of this article, we make use of Eq. (17) to investigate

properties of the Cherenkov radiation for a broad range of physical

parameters.
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III.

R )

VACUUM DIELECTRIC WAVEGUIDE MODES

Before going through the stability analysis of Eq. (17), we
investigate properties of the vacuum dielectric waveguide modes

characterized by
v/yb - 0. (26)

In this limit, the vacuum dielectric dispersion relation is given by

Eq. (20), where the parameter £{(w,k) is the root of

PR

g(g) = 0. 27)

Substituting Eq. (19) into Eq. (27), we can show that Eq. (27) is

T T T

equivalently expressed as

£3,(8)
Z=
3,00

(28)

3 Jo(MNG(nR /R ) = Jo(nR_/Ry)Ng(n)

which relates the parameter £ to n. Equation (28) with Eqs. (20) and (25)
gives a complete dispersion relation for the vacuum dielectric waveguide )

modes.

It is instructive to examine Eq. (28) in the limit € + 1. Making use

of " =&, we obtain

Jg6R/R) = 0, (29) i

|




NSWC TR 81-139

which gives the familiar vacuum transverse magnetic (TM) dispersion

relation
2
2 8
: 2 On
E? - ==, (30)
c R
c

in a perfectly conducting waveguide. Moreover, we can show that in
the limit of both Rw - Rc and R, + 0, Eq. (28) gives the dispersion

relation in Eq. (30) and

2
2 g
“—ze-k2=——§“, (31)
c Rc

respectively. Note that the case R, - 0 corresponds to a completely
filled dielectric waveguide.

For given values of the dielectric constant ¢ and the ratio Rw/Rc’
the parameter { is determined from Eq. (28) in terms of n.
The oscillation frequency w and axial wavenumber k in a vacuum dielectric
loaded waveguide are obtained from the simultaneous solution of
Egs. (20) and (25) for specified £ and n. Fipure 1 is plot of the vacuum
dielectric dispersion relation in the parameter space (w,k) for (a)
Rw/Rc = 0.8 and several values of the dielectric constant €, and (b) € = &
and several values of the ratio Rw/Rc' We remind the reader that the
thickness of dielectric material increases from zero to RC as the ratio
Rw/Rc decreases from unity to zero. Plot in Fig. 1 corresponds to
the first radial mode number n = 1. The dispersion curve for Rw/Rc = Q0
in Fig. 1(b) represent the dispersion relation of a completely
filled diglectric waveguide [Eq. (31)]. On the other hand, the curves
for ¢ = 1 in Fig. 1(a) and for Rw/Rc = 1 in Fig. 1(b) correspond to

the ordinary TM mode dispersion relation in Eq. (30) where the phase

18
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velocity Vph = ,,/k is always faster than the speed of light (y/k > c¢).
However, the phase velocity of the dispersion relation in a dielectric

loaded waveguide is sometimes less than the speed of light (. /k < c¢).

For example, for Rw/Rc = 0.8 and ¢ = 4 in Fig. 1(a), we find w/k > ¢

for ch < 3.3 and w/k < ¢ for ch > 3.3.

Shown in Fig. 2 is a schematic plot of w = (k2c2 + Bgncz/R(Z:)l/2
versus k corresponding to aperfectly conducting waveguide and

2

o = (kzc + EZCZ/Rfr)l/Z

versus k corresponding to a dielectric loaded
waveguide. The straight line w = ksbc represents the free-streaming
mode. In a range of physical parameters, the mode w = ksbc intersects

the curve w = (kzc2 + EZCZ/Ri)l/Z

at k = kp’ indicating a possible

mode coupling. In fact, for k > kp in Fig. 2, the phase velocity of the
vacuum dielectric mode is less than the beam velocity. In this regard,
we expect a strong Cherenkov radiation7’8 near the intersection point
k_of these two modes. Figure 3 is plot of kpR, versus & obtained from
simultaneous solution of w = kac and w = [kzc2 + Ez(m,k)cz/R"z’]l/2

for Rw/Rc = 0.8 and several values of the electron energy Yy* Obviously,
the value of kpRc increases considerably as the dielectric comstant ¢
decreases. For example, for Y = 1.5, kpRc = 4,25 for ¢ = 8 and kpRc = 20

for ¢ = 2.05. In this regard, the Cherenkov radiation frequency can

be substantially enhanced by an appropriate choice of the dieleciric

material.

-
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Iv.

STABILITY ANALYSIS OF FREE-STREAMING MODES

In this section, we investigate stability properties of the free-
streaming mode (or the space charge wave) w = ksbc in a dielectric

loaded waveguide, in connection with the Cherenkov radiation. Making

use of the fact that the Doppler-shifted eigenfrequency w -~ kﬁbc
is well removed from the free-streaming mode, i.e., Iw - kacl << kac,
and evaluating the parameters £ and n, and the wave admittance F in

Eq. (18) at w = w, = kB, c, the dispersion relation in Eq. (17) can be
0 b

approximated by
kA 2 2v ,, 22 2
w - kB, c+ i~ [F, + (dF/dw) (w - kB, c)] = = (k°¢” - &) ,
b 3 0 w b 3
Y™ 0 A28
32)
where
Defining the normalized Doppler~shifted eigenfrequency Q by
Q= (w- kac)RO/c , (34)

the dispersion relation in Eq. (32) is numerically investigated for a broad
range of physical parameters. For present purposes, to illustrate the 1
mode coupling of the free-streaming mode (w = kac) with the vacuum

dielectric waveguide mode, shown in Fig. 4 are plot of (a) FO (solid 4

’E curve) and (c/Ro)(dF/dw)m (dashed curve) and (b) the normalized
0
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growth rate g = 1nQ versus kR, obtained from Egs. (18), (19), (24),
and (32) for Y = 2, € = 8, RO/Rw = 0.8, Rw/Rc = 0.8, v = 0.002 and
several values of A. Several points are noteworthy in Fig. 4. First,
the maximum growth rate of instability for a relativistic electron beam
(yb 2 1.5) occurs at k = kp satisfying Fo(kp) = 0, where kp is the mode
coupling point in Figs. 2 and 3. For example, in Fig. 4, the maximum
coupling occurs at kRo = 3.35. Second, the typical maximum growth rate
is five percent of c/RO, indicating a strong instability. 1In this regard,
this instability can be utilized to produce intense microwave radiation.
Third, a typical wavelength of the microwave radiation generated by this
instability can be less than a centimeter for a subcentimeter beam
radius. Fourth, the growth rate and bandwidth of instability decrease
with an increasing value of the axial momentum spread. Finally, from
the numerical calculation, we note that the Doppler-shifted real
frequency G, = ReR for instability is negative, thereby implying that
the phase velocity of unstable modes is less than the beam velocity.
We therefore conclude that the instability mechanism is a typical
Cherenkov radiation.7’8

0Of considerable interest for experimental applications is the
stability behavior for specified values of the ratios Rw/Rc and RO/Rw
and several values of the dielectric constant g¢. Typical results are
shown in Fig. 5 where Qi is plotted versus kRo for £ = 0 and parameters
otherwise identical to Fig. 4. Note that the eigenfrequency w of
instability is approximated by w = ksbc. In this regard, by an appropriate
choice of the dielectric material (e), we can considerably enhance the
excitation frequency of the microwave radiation. For example, in

Fig. 5, the maximum growth rate of instability occurs at kRo = 2.25 for
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€ = 6 and at kRO = 5.2 for € = 2, which is consistent with the results
in Fig. 3. The dependence of stability properties on the ratio RO/Rw
is further illustrated in Fig. 6, where the normalized growth rate
ﬂi = ImQ is plotted versus kRo for 2 = 0, € = 3, and parameters
otherwise identical to Fig. 4. Obviously from Fig. 6, we note that
the growth rate and bandwidth of instability increase rapidly as the
surface of dielectric material approaches to the beam surface (RO/Rw -~ 1)
for a given beam radius.

We now examine the case where the electron beam energy is mildly
relativistic (yb = 1.15). TFigure 7 shows plots of (a) FO (solid
curve) and (C/RO)(dF/dw)wo (dashed curve), and (b) the normalized

growth rate {, = 1lmQ versus kRO obtained from Eqs. (18), (19), (24),

i
and (32) for Yy = 1.15, € = 20, RO/Rw = 0.8, Rw/Rc = 0.8, A =0, and

v = 0.002. Comparing Fig. 7(a) with Fig. 4(a), we find that the wave
admittance F for a small energy beam is a fast varying function of kRg.
In this regard, the approximation in Eq. (32) for a small energy beam
is less valid than that for a relativistic electron beam (Yb 2 1.5).
For example, in Fig. 7(b), the numerical results of the growth rate in
range 2.17 < kRo < 2.33 is not accurate. In the remainder éf this
article, we therefore ignore a small growth rate bump like this. In
contrast with Fig. 4, the axial wavenumber corresponding to the maximum
growth rate deviates substantially from k = kp satisfying Fo(kp) = 0.
For example, for W - 1.15 in Fig. 7, kpRo =.2.53. On the other

hand, the maximum growth rate of instability occurs at kR0 = 2.62.
However, the typical maximum growth rate of instability is again five

percent of c/Ro.

An example is investigated to illustrate influence of axial momentum

23
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spread on stability behavior for a wmildly relativistic electron beam
(yb = 1.15). Figure 8 shows plot of the normalized growth rate Qi
versus kRy obtained from Eq. (32) for several values of 4 and parameters
otherwise identical to Fig. 7. Evidently, the growth rate of instability
decreases substantially with an increasing value of axial momentum
spread. Shown in Fig. 9 is plot of the normalized growth rate versus

kRo obtained from Eq. (32) for A = 0, several values of dielectric
constant ¢, and parameters otherwise identical to Fig. 7. Similarly

to the results in Fig. 5, we can enhance frequency of the microwave

radiation by an appropriate choice of the dielectric material (e).

Moreover, the maximum growth rate of instability also increases by

appropriately decreasing values of dielectric constant e.
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V.

{
CONCLUSIONS j

In this paper, we have examined stability properties of the free-~

2

streaming mode (w = ksbc) in a relativistic annular electron beam

propagating through a dielectric loaded waveguide, in connection with

the Cherenkov radiation. The stability analysis was carried out within
the framework of the linearized Vlasov-Maxwell equations, assuming that
the electron beam is thin (a/R0 << 1) and that v/yb << 1. Stability
properties were calculated for the electron distribution function in

which all electrons have a Lorentzian distribution in the axial canonical

momentum. In this regard, the influence of the axial momentum spread
on stability behavior can be also investigated. The formal dispersion
relation of the free-streaming mode for azimuthally symmetric electro-

magnetic perturbations (3/36 = 0) was obtained in Sec. II. Properties

of the vacuum dielectric waveguide mode were investigated in Sec. III,
without including the influence of beam electrons. It was shown in
Sec. III that in general, a mode coupling between the vacuum dielectric
waveguide mode and the free-streaming mode occurs at a range of physical
parameters, exhibiting possibilities of a strong Cherenkov radiation.

) Stability properties of the free-streaming mode for a dielectric loaded
waveguide were investigated in Sec. IV. It was found that the maximum
growth rate of instability is a few percant of c/RO. In this context,

the Cherenkov radiation from a relativistic annular electron beam can 4
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be an effective means for producing intense high power microwave.

Wavelength of the microwave radiation can be less than a centimeter.
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1 {
0 5 10
kR

FIGURE 1a PLOT OF THE VACUUM DIELECTRIC WAVEGUIDE MODE IN THE PARAMETER
SPACE (w,k) OBTAINED FROM EQS. (20), (25), AND (28).
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FIGURE 2 SKETCH OF .. = (k2c2+ 20,¢%/R2 )1/2 yERsUS K (CORRESPONDING
TO PERFECTLY CONDUCTING WAVEGUIDE) AND .. = (k%2 + -2c¢Z/R2)1/2
VERSUS k (CORRESPONDING TO A DIELECTRIC LOADED WAVEGUIDE).
THE STRAIGHT LINE . = k.,¢ IS THE FREE STREAMING MODE.
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<
\ (a) V=2, R/R =08,
PYERN \ ‘ 160
R,/R,=0.8, =3 :
3
Fy E
-3 0 N (c/Rg)(dF/d w)wo 30 =
g
S
\\ 0
o P—
0 7 1 =]
1k kR, 4{-10

FIGURE 4a PLOT OF (a) Fg (SOLID CURVE) AND (c/Rg) {dF/dw),,,q (DASHED CURVE).
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(b)) Y,=2, R /R=0.8, Ro/Rw=0.8, €=3

v=0.002

FIGURE 4b THE NORMALIZED GROWTH RATE 2 VERSUS kRg OBTAINED
FROMEQS. (18), (19), (24), AND (32), FOR 7p, 2,6 =8, Rg/R,,
= 0.8, v =0.002, AND SEVERAL VALUES OF A.

32




NSWC TR 81-139

e sl S s ——
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_ _ PP W
0051 T5=2 Ru/Ro=08. Ry/Ry=08, 7T 0 |
v=0.002 - ¥
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Q; N\
0.03- J oY
"
0 - f N
05 1 3 5
kR, |

FIGURE 5 PLOT OF THE NORMALIZED GROWTH RATE 2, VERSUS kRg Va
OBTAINED FROM EQ. (32) FOR A =0, SEVERAL VALUES OF ¢, 1
AND PARAMETERS OTHERWISE IDENTICAL TO FiG. 4. {
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0.06
Yp=2. Ry,/R;=0.8, €=3,A=0, v=0.002
R,/Rw=0.8
& Ro/Ryw=0.6
0.03 -
R,/R,=0.4
1
03 2 3

FIGURE 6 PLOT OF THE NORMALIZED GROWTH RATE Qj VERSUS kR
FOR A =0, ¢ = 3, SEVERAL VALUES OF THE RATIO Rg/R,,,
AND PARAMETERS OTHERWISE IDENTICAL TO FIG. 4.
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FIGURE 7a PLOT OF (a} Fg(SOLID CURVE) AND (c/Rg) (dF/dw)
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0.06 |- {b) Yp=1.15, €=20, A=0, R,,/R.=0.8, Ry/R,=0.8, |
v=0.002 t
&
003
1
0 2 25 3

kR,

FIGURE 7b THE NORMALIZED GROWTH RATE VERSUS kRp OBTAINED FROM
EQS, (18), (19), (24), AND (32) FOR 7y, =1.15, ¢ = 20,

Ro/Rw = 0.8, Rw/Rc=0.8, 4 = 0, AND » = 0.002 .
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0.06 7b=115, €=20, RW/RC=0'8' RQIRW=0-8. v=0.002
§; A =0
Y, mp, ¢
‘ b™"b
é 0.03F 0.02
0.04
|
|
|
? X
| "2 25 3
l

kRq

FIGURE 8 PLOT OF THE NORMALIZED GROWTH RATE (2; VERSUS kRg OBTAINED FROM EQ. (32) i
FOR SEVERAL VALUES OF A, AND PARAMETéRS OTHERWISE IDENTICAL TO FIG. 7. 3
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Yp=1.15, R,/R=0.8, R /R,,=0.,
0.06
A=0, v=0.002
{;
A w
0.03 T T &
w v “I,I
0 1
1.5 3 a5
kR,
FIGURE 9 PLOT OF THE NORMALIZED GROWTH RATE VERSUS kRo .

FOR A = 0, OTHERWISE IDENTICAL TO FIG. 7.
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